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In this paper, we propose a framework named CEF for community extraction from large-scale social networks.
The key idea is to isolate the interference of weakly connected nodes by eﬃciently extracting core nodes
based on the novel structural approximation concept. Experiments on various real-world social networks
validate the advantages of CEF.
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1.

Introduction

Recent years have witnessed an increasing interest in detecting closely-knit groups in largescale social networks of various kinds. The groups are also called communities, clusters,
cohesive subgroups or modules in diﬀerent research ﬁelds [15]. In general, actors in a same
community tend to interact with one another more frequently than with those outside
the community. Since social networks have been deeply integrated into various business
processes, such as network marketing, online recommendation and location-based services,
detecting meaningful and useful communities from massive social networks has become a
critical preliminary for many subsequent business tasks.
Though being extensively studied [11, 6, 12], community detection remains a core problem in social network analysis. The existing methods in the literature can be roughly
divided into two categories, one is with global models and the other is not. The methods
with global models include mixture models (or simply K-means model), latent space models [7], stochastic block models, spectral clustering [5], and modularity [11], among others.
These methods typically consider the global topology of a network, and aim to optimize
a criterion deﬁned over a network partition. These criteria are often designed carefully
so that the optimizations could be achieved via some eﬃcient yet robust heuristics. The
problem is, a real-life network might probably contain nodes that have weak connections
to any communities, as illustrated by the Karate club network case discussed later in this
paper. In such cases, the global models typically split up weakly connected nodes and
group them together with tighter communities, which actually impedes us from ﬁnding the
real communities.
The methods without global models typically employ a bottom-up strategy to ﬁnd communities. They often start by deﬁning the properties of a node, a pair of nodes, or a group
of nodes in a same community, and then search within a whole network for the communities
that hold the proposed properties [14]. In these studies, a community could be regarded
as a clique, a k -clique, a k -club, a quasi-clique [15], an equivalent structure, or the combination of node pairs that have nodes similar to each other, as measured by for example
Jaccard coeﬃcient or cosine similarity. These methods attempt to ﬁnd well-deﬁned and
meaningful communities, and might avoid the negative inﬂuences from weakly connected
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nodes. However, they often suﬀer from the computational ineﬃciency; that is, the exhaustive search of a deﬁned structure is often prohibitively expensive, especially when facing
the big data emerging from ever-growing social media.
In this paper, we propose a novel framework for community detection. The core idea is to
ﬁnd a balance between the above two types of methods so that we can ﬁnd meaningful communities in an eﬃcient manner. The key features of our framework lie in the following two
aspects. First, we look for tight groups that contain nodes in structural quasi-equivalence,
called core nodes. An eﬃcient algorithm is proposed to search for the core nodes, and the
weakly connected nodes will be isolated to avoid confusion. Second, our framework can
incorporate any existing methods with global models for network partitioning. This guarantees the eﬃciency and provides ﬂexibility in real-world applications. Due to the above
two features, it is more precise to describe our work as “community extraction”; that is, we
attempt to extract tight communities with only core nodes from massive social networks.
Finally, we brieﬂy go through few work related to community extraction. Ref. [1] tried
to divide nodes into core and periphery sets based on the proposed CP measure, but their
methods can only work for small-size networks. Local community detection [3] aims to ﬁnd
the tightest community around a given node locally rather than globally. Recently, Ref. [18]
proposed a criterion 𝑊 to extract tight communities one by one, but the tabu search
prevents it from being further used for large-scale networks. Some hierarchical models also
seek to highlight communities by excluding unrelated nodes [4].

2.

Community Extraction Framework

In this section, we introduce our framework for community extraction. We begin by giving
some basic notations. An undirected network is often denoted as 𝑁 = (𝑉, 𝐸), where 𝑉 is
the set of nodes in 𝑁 , and 𝐸 is the set of edges that connect the nodes in∪𝑉 . Community
∪
extraction is formulated as ﬁnding a crisp or overlapped partition 𝑉 𝑐 = 𝑉1 ⋅ ⋅ ⋅ 𝑉𝐾 , with
𝑉 𝑐 ⊆ 𝑉 consisting of the core nodes. A network with ∣𝑉 ∣ = 𝑛 nodes can be also represented
by a 𝑛 × 𝑛 adjacency matrix 𝐴 = [𝐴𝑖𝑗 ], where 𝐴𝑖𝑗 = 1 if there is an edge between nodes 𝑖
and 𝑗 and 𝐴𝑖𝑗 = 0 otherwise. For undirected networks, 𝐴 is symmetric obviously.
2.1.

Structural Approximation

Intuitively, 𝑉𝑐 should be compact enough to contain only core nodes. Moreover, 𝑉𝑐 is
expected to have an apparent structure so that 𝑉1 , ⋅ ⋅ ⋅ , 𝑉𝐾 are well separated. In the literature, a key related concept is structural equivalence. That is, two nodes 𝑖 and 𝑗 are
structurally equivalent, if ∀ 𝑘 ∕= 𝑖, 𝑗, 𝑒(𝑖, 𝑘) ∈ 𝐸 iﬀ 𝑒(𝑗, 𝑘) ∈ 𝐸. In other words, structurally
equivalent nodes must have totally overlapped friends. Following this clue, we could expect
that the nodes of the same equivalence class form very tight communities. This idea, however, confront one problem. Structural equivalence is often too restrictive for real-life social
networks — we can ﬁnd very few communities in such equivalence. Other existing deﬁnitions of equivalence, such as automorphic equivalence and regular equivalence, are looser
than structural equivalence but suﬀer from the very high computational cost.
In what follows, we propose a new statistic 𝐺 to extract from massive social networks
the communities in structural approximation. Let 𝑁𝑖 denote the set of neighbors of node
𝑖, i.e., 𝑘 ∈ 𝑁𝑖 iﬀ 𝑒(𝑘, 𝑖) ∈ 𝐸. Then for any node set 𝑆 with ∣𝑆∣ ≥ 2, we deﬁne
⎛
⎞1
∩ ∩
)−𝑝 −𝑝
∣𝑆∣ (
∑
∣𝑁1 ⋅ ⋅ ⋅ 𝑁∣𝑆∣ ∣
1
⎠ , 𝑝 ∈ [0, +∞).
𝐺(𝑆, 𝑝) = ⎝
(1)
∣𝑆∣ 𝑖=1
∣𝑁𝑖 ∣
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Apparently 𝐺 ∈ [0, 1]. We say 𝑆 is structurally 𝑝-approximate with respect to 𝜏 , denoted as
(𝑝)
𝑆𝜏 , iﬀ 𝐺(𝑆, 𝑝) ≥ 𝜏 , 𝜏 ∈ [0, 1]. Intuitively, 𝐺 measures the ratio of common friends among
all the friends of the nodes in a group. A larger 𝐺 indicates a generally higher percentage
of common friends, and the nodes are thus apt to form a tighter community. For the
properties of 𝐺, we have a proposition as follows.
Proposition 1. 𝐺 has the following properties:
1. (Similarity). Assume ∣𝑆∣ = 2. Then 𝐺(𝑆, 𝑝) reduces to the cosine similarity if 𝑝 = 0.
(𝑝)
2. (Asymptotics). 𝑆𝜏 tends to be structurally equivalent as 𝜏 increases to 1.
(𝑝)
3. (𝑝-Monotonicity). 𝑆𝜏 is structurally 𝑝′ -approximate w.r.t. 𝜏 if 𝑝′ ≤ 𝑝.
The proof is omitted due to the page limit. Properties 1 and 2 reveal the strong correlations between 𝐺 and the well-known vertex similarity concepts: cosine similarity and
(𝑝)
structural equivalence. We can therefore expect that a structurally approximate 𝑆𝜏 could
be a tight community that contains very similar members. 𝜏 here serves as a valve that
(𝑝)
controls the number and quality of 𝑆𝜏 ’s we can obtain — a larger 𝜏 will result in fewer
(𝑝)
but generally tighter 𝑆𝜏 ’s. Property 3 indicates the monotone property of 𝐺 in 𝑝; that is,
(𝑝)
given 𝜏 ﬁxed, a larger 𝑝 will lead to fewer but generally tighter 𝑆𝜏 ’s. By default, we set
𝑝 = 0 and leave the valve function to 𝜏 .
2.2.

Extraction Method
(𝑝)

To extract all 𝑆𝜏 in a brute-force manner is prohibitively expensive. We here propose a
method to boost the search process. Let 𝑑𝑖 denote the degree of node 𝑖, we ﬁrst have the
following theorem:
∪
Theorem 1. Let 𝑆+ = 𝑆 𝑖, 𝑖 ∈
/ 𝑆. Then 𝐺(𝑆+ , 𝑝) < 𝐺(𝑆, 𝑝) if 𝑑𝑖 > 𝑑𝑗 , ∀𝑗 ∈ 𝑆.

The proof is omitted due to the page limit. Theorem 1 actually implies a stopping
(𝑝)
criterion for the search of 𝑆𝜏 . That is, if 𝑆 is not structurally 𝑝-approximate w.r.t. 𝜏 ,
then 𝑆+ will deﬁnitely not be either, given that 𝑆+ is formed by adding one or more nodes
of higher degrees to 𝑆. Therefore, the cost for testing potentially tremendous 𝑆+′ s can be
saved.
To make use of Theorem 1, we should specify an appropriate examination sequence for all the possible node sets.
Apparently, this should be a top-down sequence, from
small groups to large groups by adding nodes one after
another. The nodes should be ranked in the increasing
order of degree so that they are added to the groups
in strict accordance with this order. Fig. 1 illustrates
the sequence by a small network containing only ﬁve
Figure 1 Examination Sequence
nodes with 𝑑𝐴 ≤ ⋅ ⋅ ⋅ ≤ 𝑑𝐸 . For instance, if 𝑆 = {𝐴, 𝐵} is
not structurally 𝑝-approximate, then all its subsequent node sets {𝐴, 𝐵, 𝐶}, {𝐴, 𝐵, 𝐷},
{𝐴, 𝐵, 𝐸}, {𝐴, 𝐵, 𝐶, 𝐷}, {𝐴, 𝐵, 𝐶, 𝐸}, {𝐴, 𝐵, 𝐷, 𝐸}, and {𝐴, 𝐵, 𝐶, 𝐷, 𝐸} will not be structurally 𝑝-approximate deﬁnitely. As a result, we can avoid examining these sets.
We have implemented the above extraction method, named SAM (StructuralApproximation-Mining), that takes 𝑝, 𝜏 and 𝜎 as the major arguments. 𝜎 is a threshold
(𝑝)
used in conjunction
∩ ∩ with 𝜏 to avoid chance communities; that is, for any 𝑆𝜏 , we also
require ∣𝑁1 ⋅ ⋅ ⋅ 𝑁∣𝑆∣ ∣/∣𝑁 ∣ ≥ 𝜎. Due to the page limit, we will not cover the algorithmic
details of SAM any more.
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2.3.

The Framework

(𝑝)

Note that the extracted 𝑆𝜏 ’s may be overlapped, which
are then combined to obtain the set of core points: 𝑉 𝑐 .
So the remaining work is to detect communities from 𝑉 𝑐 .
Since 𝑉 𝑐 is often far smaller than 𝑉 , we can simply employ
some existing method to fulﬁll this task. For instance, we
can extract the adjacency matrix 𝐴𝑐 from 𝐴 for 𝑉 𝑐 , and
then call K-means clustering on 𝐴𝑐 to get a partition of
𝑉 𝑐 . Or we can extract the subnetwork 𝑁 𝑐 from 𝑁 for 𝑉 𝑐 ,
and then apply graph partitioning to 𝑁 𝑐 to get the communities.
Until now, we have the complete framework, named
CEF (Community-Extraction-Framework), for community extraction from social networks. CEF consists of three
steps. The ﬁrst step is to extract core nodes from the whole
network using SAM, the second step is to partition core
points into communities, and the ﬁnal step is to evaluate
the communities. Fig. 2 illustrates the performance of CEF
on a famous real-world network: Karate Club [17]. As can
be seen, compared with the ground truth, CEF does ﬁnd
the core nodes (in non-grey colors) of the two factions, and
even identiﬁes a sub-faction (nodes in dark-blue) inside
one faction.
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(a) Ground Truth
26
25

24

28

15

10

29

30

32
8

19

16

12

4

9

27

13

3

34
33

20

31
1

5

14

23

2

21

6
11
22

18

7
17

(b) Our Result
Figure 2

Karate Club

Experimental Validation

In this section, we demonstrate the eﬀectiveness of CEF for real-world community detection. Three real-life social networks were used here, i.e., Oklahoma, Enron and Gowalla,
with some statistics given in Table 1. Oklahoma is a Facebook subnetwork representing the
friendships in University of Oklahoma [16]. Gowalla is also a friend network but built on
trajectory information [2]. Enron is an email communication network covering half million
emails [10].
SAM was employed for the extraction of core
Table 1 Experimental Data sets.
Data set
∣𝑉 ∣
∣𝐸∣
<𝑘>
𝐶
nodes with 𝑝 = 0. Three tools, i.e., CLUTO, FastOklahoma 17420
892524 102.47
0.23
Newman (FN), and METIS, were adopted to partiEnron
36692
367662
20.04
0.42
Gowalla 196591 1900654 19.34
0.20
tion the core nodes into communities. CLUTO [8] is
< 𝑘 >: average degree; 𝐶: clustering coeﬃcient.
a widely used implementation of K-means for text
clustering, METIS [9] is a popular graph partitioning tool, and FN [11] is an agglomerative
hierarchical clustering method based on the modularity concept.
Since we do not have the ground truth or semantic information of these networks, we used
the widely adopted 𝑄 function [15, 13] as internal measure
∑𝐾 to evaluate the
∑ overall quality
of extracted communities. It can be computed as 𝑄 = 𝑖=1 (∣𝐸𝑐𝑖 ∣/∣𝐸∣ − ( 𝑥∈𝑐𝑖 𝑑𝑥 /2∣𝐸∣)2),
where 𝐾 is the number of communities, 𝑐𝑖 denotes community 𝑖, ∣𝐸𝑐𝑖 ∣ is the edges in 𝑐𝑖 ,
and 𝑑𝑥 is the degree of node 𝑥. The value of 𝑄 is in the interval: (-1,1), and a larger value
indicates a higher quality. Note that 𝐾 = 10 is the default setting in our experiments.
First of all, we illustrate to what extent CEF can improve the community detection
performance. To this end, we compared the quality of detected communities before and
after using SAM. As can be seen from Fig. 3, if we conduct community detection on the
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whole networks without using SAM, we obtain the lowest 𝑄 values in all three sub-ﬁgures.
However, as we carefully set 𝜏 and 𝜎 values in SAM to extract fewer but higher-quality
core nodes, the 𝑄 values of the detected communities increased gradually, no matter what
partitioning method was used. For instance, FN without SAM obtained a 𝑄 value lower
than 0.4 on the Gowalla network; but after using SAM to extract core nodes, the 𝑄 value
increased rapidly, and ﬁnally reached 0.85 on a set of high-quality core nodes. These results
clearly demonstrate that by focusing on the core nodes extracted by SAM, CEF indeed
improves the performance of community detection greatly.
We then take a closer look at the extracted communities. The Enron network is used
here as an example. As can be seen from Fig. 4(a), the whole graph of Enron consists of a
intertwined core and lots of periphery nodes. If we employ CLUTO directly on this network,
we obtain ten obscured communities that cannot been identiﬁed even with great eﬀorts,
as shown in Fig. 4(b). However, if CEF is used instead with 𝜏 = 0.5 and 𝜎 = 0.02%, only
1766 high-quality core nodes will be extracted from the original network, which display a
clear structure of ten communities in Fig. 4(c).

4.

Conclusions

In this paper, we proposed a novel structural approximation concept, upon which a new
framework for community extraction was established and validated empirically. We believe
community extraction will become a promising solution particularly for the analysis of
massive social networks.
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